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Abstract 

We study the topology of compact manifolds with a Lie group action for which there 
are only finitely many non-principal orbits, and describe the possible orbit spaces which 
can occur. If some non-principal orbit is singular, we show that the Lie group action 
must have odd cohomogeneity. We pay special attention to manifolds with one and 
two singular orbits, and construct some infinite families of examples. To illustrate the 
diversity within some of these families, we also investigate homotopy types. 
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1 Introduction 

In this paper we study G-manifolds, that is, smooth manifolds admitting a smooth effective 
action from a Lie group G. We will further assume that the manifolds and groups we consider 
are always compact. 

It is well-known that for such an action there is a unique maximal orbit type: the principal 
orbit. Other orbits are either 'exceptional', that is, non-principal but having the same 
dimension as a principal orbit, or singular. Singular orbits have a strictly lower dimension 
than a principal orbit. In this paper we will study manifolds with Lie group action for which 
the non-principal orbits are finite in number, and pay special attention to the case where 
the non-principal orbits are singular. The motivation for studying this family of manifolds 
comes primarily from Geometry, which we will now explain. 

The most studied families of (Riemannian) manifolds are almost certainly those which 
display lots of symmetry. The homogeneous spaces (equipped with homogeneous metrics) 
are the most symmetric family of all. These are manifolds admitting a smooth (isometric) 
Lie group action which is transitive. Put another way, a homogeneous space is a manifold 
admitting a Lie group action for which the space of orbits consists of a single point. The 
topology and geometry of these spaces is for the most part well-understood. 

The next most symmetric family of manifolds are those which admit a smooth action from 
a compact Lie group for which the dimension of the space of orbits, that is, the cohomogeneity 
of the G-manifold, is one. Such manifolds have a simple topological description. For a 
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compact cohomogeneity one manifold, the space of orbits is either a circle or an interval. 
In the first case, the manifold is just a homogeneous space bundle over the circle, and all 
orbits are principal. In the second case, there are two non-principal orbits corresponding 
to the ends of the interval, and the manifold is a union of two disc bundles for which the 
non-principal orbits form the zero-section. The boundary of each disc bundle (indeed every 
distance sphere, given an invariant metric) is a principal orbit, and therefore a homogeneous 
space. The entire manifold can be described by a group diagram, involving the main group, 
the principal isotropy and the two non-principal isotropy subgroups (see |T] or [5]). 

In a previous paper [3], the authors studied the topology and geometry of manifolds 
of cohomogeneity two, three and four, in the case where the G-action is asystatic and the 
singular orbits are fixed points. 

The present work begins with the observation that a cohomogeneity one manifold has at 
most finitely many non-principal orbits, namely zero or two. Thus is seems natural to ask 
about manifolds of higher cohomogeneities which share the feature of having finitely many 
non-principal orbits. The current paper can therefore be viewed as an outgrowth of the 
study of cohomogeneity one manifolds. 

We will show that the behaviour of cohomogeneity one manifolds is quite different from 
that of G-manifolds with finitely many non-principal orbits in higher cohomogeneity, in that 
the isotropy of the latter manifolds is much more tightly constrained. It is a consequence of 
this constraint that we are able to describe the possible orbit spaces which arise. Specifically, 
we prove 

Theorem 1 If M is a compact G-manifold with finitely many non-principal orbits and coho- 
mogeneity greater than one, then the orbit space G\M consists of a manifold with boundary, 
together with cones over each of the boundary components. Each boundary component cor- 
responds to a non-principal orbit. For a singular orbit the boundary component is either a 
quaternionic projective space, a complex projective space, or the quotient of CP odd by the 
inversion involution 0. For an exceptional orbit, the boundary component is either an even 
dimensional real projective space, or a finite quotient of an odd- dimensional sphere. 

If one of these non-principal orbits is singular, the corresponding boundary component is 
even dimensional. Hence the space of orbits must be odd- dimensional. As this dimension is 
precisely the cohomogeneity, we deduce: 

Corollary 2 If M is a compact G-manifold with at least one isolated singular orbit, then 
the cohomogeneity of the G-action must be odd. 

We believe that this class of manifolds is both rich and interesting, and worthy of further 
study from both a topological and a geometric perspective. To illustrate this richness, we 
construct several infinite families of examples. Firstly, we study manifolds with precisely 
two singular orbits, as this is the situation which most closely resembles cohomogeneity one. 
Our results include the following Theorem: 

Theorem 3 Given any two Aloff-Wallach spaces W PltP2 and W qim , there is an 11- 
dimensional SU (3) -manifold M** of cohomogeneity three with two singular orbits equal 
to the given Aloff-Wallach spaces. 
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To show the diversity within this family we also prove: 

Theorem 4 From within the family , there is an infinite sequence of pairwise non- 

homotopic manifolds for which each pair of singular orbits is non-homotopic. There is also 
an infinite sequence of pairwise non-homotopic 'doubles', that is, manifolds for which each 
pair of singular orbits is identical. 

Unlike cohomogeneity one, it is possible to have manifolds in higher cohomogeneities which 
have more than two, or precisely one singular orbit. For example we prove 

Theorem 5 Given compact connected Lie groups G D K , so that NqK/K has at least rank 
2, there exist G-manifolds in each cohomogeneity 4k — 1, k = 1, 2, 3, . . . with precisely one 
non-principal orbit. 

This paper is laid out as follows. In section [2] we establish the basic structure of compact 
G-manifolds with finitely many singular orbits, focusing on the space of orbits and on issues 
which arise when we try to construct examples. In section [3] we study manifolds with two 
singular orbits and construct two explicit infinite families. We show that each of these 
families contains infinitely many homotopy types. In section H] we study the existence of 
unique singular orbits, and ask about the numbers of singular orbits which are possible in a 
given cohomogeneity. 

The authors would like to thank Dmitri Alekseevsky for encouraging us to study mani- 
folds with finitely many singular orbits, and for his subsequent help. We would also like to 
thank Thomas Piittmann for reading a preliminary draft of this paper and for his valuable 
comments. 

2 The structure of G-spaces with finitely many non- 
principal orbits 

Let M be a compact smooth G-manifold, G a compact Lie group and K C G the principal 
isotropy group. We assume that all non-principal orbits of the G-action are isolated, in the 
sense that all other orbits in some G-invariant tubular neighbourhood of the non-principal 
orbit are principal. 

For q G M, let Gq be a non principal orbit and H = G q be the isotropy at q. The group 
H acts on the normal space u q (Gq, M), and the normal bundle of Gq in M is associated to 
the principal if -bundle G — > Gq, 

v{Gq,M) = Gx H u q (Gq,M) . 

By our assumption that the non-principal orbits are isolated, there are no non-principal 
orbits of H on the normal sphere Su q (Gq, M). In particular, all if -orbits on this normal 
sphere have the same type. Group actions with only one orbit type on a sphere are rather 
restricted. We have 



3 



Theorem 6 (0], p 192, Thm. 6.2) Let L be a compact Lie group of positive dimension 
acting locally smoothly, effectively and with one orbit type on S n . Then L acts transitively 
or freely. If L acts freely, we must have L = U(l), A r su(2)U(l) or SU(2). (If dim L = then 
S n — > L\S n is the universal covering, so L must also act freely.) 

A non-principal isotropy group H acts transitively on the normal sphere S r = Su q (Gq, M) 
if and only if the cohomogeneity of the G-action on M is one. As this situation is well- 
understood, let us assume that G acts with cohomogeneity > 2. Under this assumption, 
Theorem has an immediate corollary for our situation. 

Corollary 7 Let H 0(r + 1) be a representation of a compact Lie group H with only one 
orbit type on S r . Assume that H does not act transitively on the sphere S r . Then the kernel 
of this action coincides with the isotropy group K C H (so K < H) and we have one of the 
following cases: 

1. r = 2k + 1 and the action is via complex multiplication, H/K = U(l) and the quotient 
space H\S r is CP fc ; 

2. r = 4k + 3 and the action is via complex multiplication, H/K = A r su(2)U(l) the 
normaliser of the maximal torus in SU(2), and the quotient space N\S r is 

X 2fc+1 . = C p2fc+1/ Z2 = C p2fe+l/ r (g) 

where r is the involution of CP 2fc+1 given by 

r([zi : z 2 : z 3 : z 4 - • •]) = \-~zi : z{ : -zi:zi---\ ; (9) 



3. r = 4k + 3 and the action is via quaternionic multiplication, H/K = SU(2) and the 
quotient space is MP k ; 

4- H/K is finite and acts freely on S r . If r is even, the quotient must be KP r . 

Proof: By Theorem [6] we have H/K = U(l), iV su(2 )U(l), SU(2) or finite, and H/K acts 
freely on S r . The irreducible representations of U(l) and SU(2) of highest weight ^ ±1 
are not free. An irreducible free representation of the normaliser -/Vgu( 2 )>S' 1 must restrict 
to an irreducible representation of the quaternion group Q§ C -/Vgu(2)S a , whose only such 
representation is its action on the quaternions. Therefore the representation is the standard 
representation of S* 1 on C r , or of A^su(2)5' 1 resp SU(2) on HT = C 2r . 

In the last case, L = H/K = 0(r + 1) is finite and acts freely on S r . If 7 G L \ {1} then 
7 cannot have +1 as an eigenvalue. If r = 2k is even, then 7 G 0(2k + 1) must have —1 as 
an eigenvalue. In particular, 7 2 has an eigenvalue +1 and therefore 7 2 = id^fc. It follows 
that 7 = — id 5 2fe. • 

From this the quotient P = H\S r is a projective space or a discrete quotient. We have 
the following possibilities for P: 
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dimP 


singular 


exceptional 


4k 


MP k , CP' 2k 


RP 4fe 


4k + 2 


CP 2fc+ \ X 2k+1 


RP 4k + 2 


2^ + 1 


none 


L\S 2k+1 



(10) 



Let Gqi, i — 1 . . . , s be the non-principal orbits and let Hi = G qi . We can choose the qi 
in the fixed point set of the principal isotropy group K so that the ineffective kernel of all 
slice actions is the same and coincides with the principal isotropy group K, i.e. 

K = ker [H t ^O(u qi (G qi ,M))} 

We have K < Hi C N G K. Define the Weyl group W := N G K/K. Let jVj be G-invariant 
tubular neighbourhoods of the singular orbits and M° — M \ [j i=1 s iVj. The quotient 
B = G\M° is a manifold whose boundary is a disjoint union of quotients of spheres Pj 
as listed in (flQj) . The G-invariant self-diffeomorphisms oi G/K are precisely those maps 
defined by right multiplication by elements of W . As a consequence, M° is the total space 
of a G/i^-bundle over B with a global G-action and structure group W. In other words we 
have 

M° = P w x w G/K 

for some ^-principal bundle Pw- 

From Corollary we have isomorphisms 

ai : ^ -> ifi/iT, 

where Li = U(l), iV S u(2)U(l), SU(2) or a finite subgroup of 0(rj + 1). Therefore the G- 
invariant tubular neighbourhoods TVj and their boundaries Tj = dNi are G-equivariantly 
diffeomorphic to G/ii'-bundles associated to the standard Lj-bundle S n — > Pj, where the 
action of on G/if is given by (z,gK) >->■ gKa^z" 1 ) for z G Lj. We will write this as 

Ti^S^x^G/K , N^D r ' +1 x ai G/K. 

( Equivalent ly, we could view Tj and iVj as being associated via a~ to the i^/if-bundle 
G/K -> G/Hi = G qi .) The embedding 

on: Li^Hi/K^W 

induces VF-bundle isomorphisms 

iV|p, = S ri x ai W. 
The bundle Pw is W^-equivariantly diffeomorphic to 

p w = M K n M° 

where M K denotes the fixed point set of K. For connected G-manifold M with principal 
isotropy K one has a G-equivariant submersion 

M K x G/K — »■ M , (x,gK)^gx (11) 
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which gives a G-equivariant cliff eomorphism M K x w G/K = M. Note that W acts freely 
on M K x G/K. Thus if M is a G- manifold with finitely many non-principal orbits and 
W = NqK (or a subgroup of NqK containing all the images of the and so that M° has 
a VT-structure) then we have a G-equivariant diffeomorphism 

M = M w x w G/K , (12) 

where 

M w = P w U dB ({J ** 1 X «* ■ ^ 

The VT-manifold Mw has the same orbit space as the G-manifold M and W acts freely away 
from the non-principal orbits. 

In summary, then, given compact Lie groups K C G, a compact G-manifold with princi- 
pal isotropy K of cohomogeneity > 2 with only isolated non-principal orbits is given by the 
following data, up to G-equivariant diffeomorphism. 

1. A VT-principal bundle Pw over a manifold B with boundary 

dB = Pi U . . . U P s , 



Groups Hi, K <\Hi C G together with isomorphisms aj : Lj — )• Hi/ 1 K for which so that 
Pw over the boundary component Pj is given by 

iVk = S ri x ai W. (14) 



We will denote the G-manifold obtained from this data via (I12p and (fT3|) by 

M(P w ,«i, • • • ,«s)- 

The question of which non-principal orbits can occur for G-manifolds with principal 
isotropy group K and cohomogeneity k can now in principle be decided by calculations in 
the non-oriented cobordism group of maps into the classifying space BW for W = NqK/K- 
bundles. 

Recall that two maps fi : M, — > Y, i — 0, 1 from n-manifolds Mi to a topological space 
Y are bordant if there is a map F : W — > Y defined on a (n + l)-manifold W with boundary 
dW = M ]J Mi which extends /o U/i- The cobordism group 9T n (y) of n-manifolds in Y is 
the set of such bordism classes with group structure defined by disjoint union. These groups 
are well understood. We have isomorphisms 

n 

m n (Y)^QH i (Y;Z 2 )®m n -i(*) 

i=0 

where 9X, (*) is the bordism group of j-dimensional manifolds. Also we have that fi : Mj — > Y, 
i — 0,1, are bordant if and only if all twisted Stiefel- Whitney numbers coincide, i.e. if 

MMo)f5(y)[M ] = «;j(M 1 )/ 1 *(j/)[M 1 ] (15) 
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for all y G H k (Y; Z 2 ) and all partitions / of n — k. For these facts, see [2], [12] or [13] for 
instance. 

Let Li : Pj — > .BLj be the classifying map of the standard Lj-bundle S rt — > P«. Then given 
embeddings ccj : Lj z = 1, . . . , s, a manifold M(Pw, «i, • • • , a 8 ) exists if the map 

/«!,..,«.: II " ^11 />'/-; " ^ SW (Ki) 

is a boundary, that is, if all its twisted Stiefel- Whitney numbers vanish. 

A necessary condition for (TT6]) is of course that JJ i Pj be a boundary. By [9] for example, 
HP™ is non-oriented cobordant to CP n x CP n and CP n is non-oriented cobordant to PP n x 
PP n . Also X 2fc+1 is non-oriented cobordant to MP 2 x BP k . It is well-known that the PP odd 
are boundaries and the KP cven are not. Hence among the above, precisely HIP 2fc+1 , CP 2fc+1 , 
X 4fc+3 and MP 2fc+1 are boundaries and can appear in G-manifolds with precisely one non- 
principial orbit. 

We will study such extensions in the case of a single singular orbit in section HJ 

3 Manifolds with precisely two singular orbits 

As noted in the Introduction, studying manifolds in higher cohomogeneities with precisely 
two singular orbits is of interest as it can be viewed as a direct generalisation of the most 
interesting case in cohomogeneity one. 

As before, let M denote the manifold. Removing a small tubular neighbourhood of the 
two singular orbits gives a manifold with two boundary components, which is the total space 
of a G / K-b\md\e over some manifold B. The manifold B also has two boundary components 
QB = Pi U P2 with Pi,P2 as in ( TTUj) . Computing the Stiefel- Whitney numbers shows that 
there are the following possibilities for dB, up to interchanging the components: 



Pi = P 2 , Li = L 2 (17) 

8B = CP 2fc+1 UX 2fc+1 ,A;odd Li = S\L 2 = iV su(2 )U(l) (18) 

dB = MP 2 U MP 2 , Li =iV S u(2)U(l),L 2 = Z 2 (19) 

dB = Li\S 2k+1 U L 2 \S 2k+1 L U L 2 C 0{2k + 2) discrete (20) 



The third case is the only possibility of mixing an isolated singular with an isolated 
exceptional orbit due to the coincidence X 1 = MP 2 . 

The simplest case of (fT7|) is that where B = F x I and the quotient space G\M = EP is 
the suspension of P. For a given pair (G, K) the manifold M is then 

M = M(iV(0), ai,a 2 ) 

where 

cci, a 2 : L = L\ = L 2 — > W 
are so that there exists an isomorphism of H^-bundles 

(p : S r x Ql W ->■ S r x Q2 W 



7 



and Pw(4>) is the mapping cylinder of <fi. Equivalently, the induced maps P -> BL BW 
must be homotopic and Pw is induced from such a homotopy Px/-> BW. 

We will focus on this case, in part because of its simplicity, and in part because it is 
the case which most closely resembles the cohomogeneity one situation. It is important to 
note that unlike the cohomogeneity one case, the product P x I is not the only candidate 
for the manifold B. Given a choice of product, take any manifold without boundary of the 
same dimension. Now form the connected sum between the latter manifold and the product 
(avoiding the boundary components). The resulting manifold is clearly also a candidate for 
B. 

The simplest example of this is the double 

M(P W (id), a, a) = D r+1 x a G/K U id D r+1 x a G/K 

obtained by gluing a tubular neighbourhood of a nonprincipal orbit with itself. The next 
example illustrates that non-doubles are possible. Let G = SU(3) and let K be trivial. Then 
Hi and H 2 can be any subgroups of SU(3) isomorphic to U(l) or SU(2), as N G (K) = SU(3). 
For pi,p2, <7i, ?2 6 2 with (pi,p 2 ) an d (<?i, cfe) coprime, let ati, a 2 : U(l) SU(3) be given by 

a x {z) =dmg (z Pl , z P2 , z~ Pl ~ P2 ) ; 
a 2 (z) =diag (z qi , z q2 , z ~ qi ~ q2 ) 

where z G U(l). The resulting homogeneous spaces SU(3)/a(U(l)) are the seven-dimensional 
Aloff-Wallach spaces W pi>P2 and W qiiq2 . The topology of Aloff-Wallach spaces (up to homeo- 
morphism and diffeomorphism) is well understood. See for example [7] . In particular, among 
the Aloff-Wallach spaces there are infinitely many homotopy types. (This follows from the 
fact that H 4 (W at b]Z) = Z a 2 +ab+b 2.) We can therefore choose Pi,P2,Qi,Q2 so that W PltP2 and 
W qi)q2 are not diffeomorphic. 

Theorem 21 Given any two Aloff-Wallach spaces W piiP2 and W qi>q2 , there is an 11- 
dimensional SU (3) -manifold M^ p2qiq2 of cohomogeneity three with two singular orbits equal 
to the given Aloff-Wallach spaces. 

Proof: Let 0: S 3 x ai SU(3) -»■ 5 3 x Q2 SU(3) be any W = SU(3)-bundle isomorphism. To see 
that such an isomorphism exists, note that S* 3 x a . SU(3) is an SU(3)-bundle over CP 1 = S 2 , 
and these bundles are classified by 7r 2 -BSU(3) = 0. Now set M^ p2qig2 = M(Pgu(3)(0), «i, a 2 ). 
• 

As non-double examples exist, this suggests investigating the conditions under which 
non-double examples can arise. This is of course a very broad question. So as to give further 
examples, and in particular to indicate the richness of the non-double family, we study one 
situation in some detail. The situation in question is the case where the space of orbits is 
the suspension of CP m , and where the Weyl group W = SU(n). 

Recall that the cohomology of CP m is i7*(CP m ;Z) = Z[x]/x m+1 , where x is the first 
Chern class of the universal U(l)-bundle S 2m+1 — > CP m . Since maximal tori in W are 
conjugate, any injective homomorphism a: U(l) — > W, W = U(n) or SU(n), is conjugate to 

a(p):U(l)-»W , z ^ diag(z p \z p \... J z p ") (22) 
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for some p = (pi, . . . ,p n ) G Z n . The total Chern class of a(p) is 

n 

c = J2^(p)x k (23) 

k=0 

where <Jk{p) denotes the elementary symmetric polynomial of degree k in p, (see [8], §8). In 
the case W = SU(n) we have pi + ■ • • + p n = and the first Chern class vanishes. 

Proposition 24 Let W = U(n) or SU(n) and ai,«2 : U(l) W be injective homomor- 
phisms. Then the W -bundles S r x ai VK, 5* r x Q2 over CP^' -1 ^ 2 are isomorphic if and only 
if they have the same Chern classes. 

Proof: In the "stable range" n > m := (r — l)/2 this holds for general ^-bundles (i.e. 
bundles not necessarily associated to the universal bundle), see [H] or [TO], pi 14. If n < m 
then the Chern classes of S r x Q ( p ) W determine p up to permutation. • 

We now use the above analysis to construct non-double examples of G-manifolds with 
two singular orbits. We will again take G = SU(n) and K to be trivial, so that Ng{K) = 
G = SU(n) and W = SU(n). 

Theorem 25 Given Aloff-Wallach spaces W P1P2 and W qiq2> there is a 13- dimensional 
SU (3) -manifold M^ p2qiq2 of cohomogeneity 5, orbit space SCP 2 , and two singular orbits 
equal to the given Aloff-Wallach manifolds if and only if p\ + P1P2 + p\ = q\ + q\qi + q\- 

Proof: Since — cr 2 (pi,p2, ~Pi — P2) = Pi + P1P2 + p\i the condition guarantees that the 
second Chern classes coincide. Since the first Chern class of a SU(3) bundle vanishes and 
the third is in if 6 (CP 2 ;Z) = 0, we have from Proposition liMl that there is a SU(3)-bundle 
isomorphism 

(ft: S 5 X a ( pi ,p 2 ,-pi-p 2 ) SU(3) — > 5 15 X a ( 9l ,q 2 ,-q 1 -q 2 ) SU(3). 

Now let M^ p2qm := M(P S u(3)(0), a(p 1 ,p 2 , -pi - p 2 ), a(qi, q2, -qi - 92))- • 

We now have two infinite families of SU(3)-manifolds with precisely two singular orbits, 
one family in dimension 11 and the other in dimension 13. As remarked earlier, there 
are infinitely many homotopy types of Aloff-Wallach manifolds, so it follows that both our 
families contain infinitely many equivariant diffeomorphism classes. However, if we ignore 
equivariance, this still leaves the question of how many diffeomorphism or homeomorphism 
or homotopy types occur in these families. 

Theorem 26 From within the family in Theorem\2Jl there is an infinite sequence 

of pairwise non-homotopy equivalent manifolds for which each pair of singular orbits is non- 
homotopy equivalent. There is also an infinite sequence of pairwise non-homotopy equivalent 
'doubles ', that is, manifolds for which each pair of singular orbits is identical. 

Before proving this, let us state some results which will be needed in the proof. The first 
of these is 
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Theorem 27 (|6J, Theorem 0.1) The Aloff-Wallach spaces W PliP2 and W qi>q2 have the 
same homotopy type if and only if pi + p\p 2 + p\ = q\ + q\q 2 + q% an d P1P2i.P1 + P2) = 
±9192(91 + 92) mod [p\ + pip 2 + pf). 

Corollary 28 If pf + pip 2 + p\ 7^ 9i + 9i92 + 9|; then W P1>P2 and W qim have different 
homotopy types. 

We will also need two number-theoretic results. 

Theorem 29 ( [11] . 3.4) A positive integer n is representable in the form n = a 2 + ab + b 2 
with (a, b) = 1 if and only if the following conditions hold: 

1. if 3* divides n then t < 1, and 

2. if r is prime and r divides n, then r = 1 mod 3. 

The second of these number-theoretic results is a classical theorem of Dirichlet about arith- 
metic sequences: 

Theorem 30 Given integers a and d with (a,d) = 1, there exist infinitely many natural 
numbers n such that a + nd is prime. 

Proof: (of Theorem [261) By Theorem [301 we see that there is an infinite monotonically 
increasing sequence of primes ri,r 2 ,r 3 , ... all of which are congruent to 1 modulo 3. From 
Theorem [29] we deduce that there is a sequence of integers a\, bi, 02, b 2 , ■■■ such that for all 
natural numbers v. 

1. (ai,bi) = 1; 

2. a\i_\ + a 2 i-ib 2 i-i + b 2i _ x = r 21-1] 

3. a| + a 2i b 2i + &| = r 2i _ x r 2i . 

By Corollary [28], we see that the resulting Aloff-Wallach spaces are pairwise non- 

homotopy equivalent. To complete the proof, we will show that the manifolds Mj : = 
^al i - 1 b2 i -ia 2i b2 i are pairwise non-homotopy equivalent, by showing that the fourth coho- 
mology groups of the Mj are non-isomorphic for different i. 

We begin this analysis by observing that Mi is the union of two disc bundles (specifically 
_D 4 -bundles over W / a2 i_ib 2 i-i respectively W a2i b 2i ) along their common boundaries S 2 x SU(3). 
The Mayer- Vietoris sequence for this union includes the following portion: 

•-•-»- H\W^_ lb2 ^) ® H 3 (W a2ib2i ) H 3 (S 2 x 57/(3)) H\M,^ -+ 

H\W a2i _ lb2i _ x ) © H\W a2Mi ) 7f 4 (5 2 x SU(3)) ^ • ■ ■ 

The cohomology of all the spaces apart from Mj is well-known, (see for example [7j, page 466 
for the cohomology of Aloff-Wallach spaces). Filling in the known groups in this sequence 
yields the following short exact sequence: 

-)• Z Jf 4 (M,) Z^, © Z r2i _ ir2i ^ 0. (31) 
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Taking tensor products with Z. r; is right-exact, hence 

/ < 2i - 1 or / > 2i 
Z n H 4 (Mi) ® 7j Z n ^ { l? ri l = 1i-\ ) (32) 

Z r , / = 2z 



is exact. In particular, for / odd, we have 



dim Zri H (Mi) ® z Z ri 



> 2 I = 2i - 1 
< 1 / ^ 2i - 1 ' 



Theorem 33 Consider the family of manifolds iq2 in Theorem [121 // M^ cd and 

M^? b , c , d , are two members of this family for which 

r = a 2 + ab + b 2 = c 2 + cd + d 2 ^ r' = a' 2 + a'b' + b' 2 = c' 2 + c'd' + d' 2 , 

then these manifolds have different homotopy types. Consequently, the family contains in- 
finitely many homotopy types. 

Proof: We show that if 4 (M^ C(J ) = Z a 2 +ab+b 2 . As in the proof of Theorem [26], we decompose 
M = MH cd into two disc bundles, this time -D 6 -bundles over Aloff-Wallach spaces W a b and 
Wd and apply the Mayer- Vietoris sequence. The common boundary X of these bundles is 
an SU(3)-bundle over CP 2 . The relevant portion of the Mayer- Vietoris sequence is 

•-•-). H 3 (X) H\M) ^ H\W ab ) ® H\W cd ) ^ H\X) -+ ■ ■ ■ (34) 

Since X also is the total space of an 5' 5 -bundle over W a b the Gysin sequence shows that 
the projections 7r: X — > W a b, n: X — > W c d induce isomorphisms H 4 (X) = H 4 (W a b) = 
H^iWcd) — Z r and H 3 (X) = H 3 (W a b) = 0. Under these isomorphisms the homomorphism 
7i* + 7T* corresponds to the addition map Z r x Z r — > Z r . Thus x* m f)34p induces an 
isomorphism H A (M) ^ ker(7r* + tt*) ^ Z r . • 



4 Manifolds with one or many non-principal orbits 

It is interesting to compare manifolds with finitely many singular orbits in cohomogeneity at 
least three with those of cohomogeneity one. It is well known that compact cohomogeneity 
one manifolds are of two basic types: those with no non-principal orbits, in which case the 
manifold is the total space of a bundle over S l with the principal orbit as fibre; and those with 
precisely two non-principal orbits. In this latter case, the space of orbits is an interval. The 
non-principal orbits correspond to the end-points in the orbit space. No cohomogeneity one 
manifold with precisely one non-principal orbit can exist, because a point is not a boundary. 
For similar reasons, no cohomogeneity one manifold with more than two non-principal orbits 
can exist. In cohomogeneity at least three, however, the situation is very different. As noted 
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in section [2J MP 2k+1 , CP 2fc+1 , X 4fc+3 and MP 2fc+1 are all boundaries. Thus in these higher 
cohomogeneities, unique non-principal orbits are possible. 

The orbit space of a G-manifold M with precisely one non-principal orbit must be of the 
form 

M/G = BUpdP 

where B is a manifold with boundary dB = P = L\S r , P is one of manifolds listed in ( TTUj) 
and cP is the cone over P. As discussed at the end of section [21 the condition for a G-manifold 
with principal isotropy K with only one non-principal orbit G/H, K C H C G, to exist is 
that the classifying map 

f a : P — — > BL -— V BW (35) 

extends to a map £> — >• .BVK, that is, if and only if the bordism class of f a vanishes. For this 
we need to look at the twisted Stiefel- Whitney numbers ()15p . Note that the map i: P — > BL 
induces an injection in cohomology H q , q — 0, 1, . . . r, because its homotopy fibre is S r . 

We now discuss the possibilities for unique non-principal orbits in low cohomogeneities. 
Cohomogeneity 2 

In cohomogeneity 2, a non-principal orbit must be exceptional. For such a manifold we 
must have P = S 1 and an injective homomorphism a: L = — > W. The map (1351) is the 
composition 

f a : 3 X ^ BZ k BW, 

and bounds if and only if it induces in if 1 (-;Z 2 ) = Hom(7r 1 (-); Z 2 ). Thus an injective 
homomorphism a: — > W is realized (i.e. there is a manifold M(Pw, a)) if and only if for 
all the map 

Z k w -> w/w A z 2 

is zero. This always holds if k is odd. Actually, in this case, the fc-fold covering S l — > S 1 
already bounds. 

Cohomogeneity 3 

In cohomogeneity 3, by (HOD we can have P = S 2 and L = H/K = U(l) or P = X 1 = MP 2 
with H/K = U(l) or Z 2 . However, since MP 2 does not bound a 3-manifold, the last two 
cases are ruled out. The map f[35l) bounds if and only if the map U(l) — > W induces the 
zero map on if 1 (-,Z 2 ). This is automatic if for instance, the fundamental group of W has 
odd order. 

Cohomogeneity 4 

The non-principal orbit must be exceptional and we must have P = L\5' 3 with L C 0(4) 
finite. Since L acts freely, it preserves the orientation and therefore Wi(F) = 0. Note that 
u> 2 (P) = and w 3 (F) = 0, since these Stiefel- Whitney classes vanish for all three dimensional 
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manifolds. It follows that the map f a , with a : L — > W, bounds if and only if Ba : BL — > BW 
induces in i7 3 (-;Z 2 ). 

Cohomogeneity 5 

The non-principal orbit must be sing ular and we must have P = HP 1 = S 4 with L C SU(2). 
Since all Stiefel- Whitney classes of P vanish, the map f a , with a: L — > W, bounds if and 
only if Ba: BSU{2) -»■ BW induces in H\-- Z 2 ). 

Cohomogeneity 6 

The non-principal orbit must be exceptional and we must have P = L\S 5 with L C SO (6) 
finite, and therefore iwi(P) = 0. In order that the map f a , with a: L — > W, bounds we must 
have that Ba: BL — > BW induces in i7 5 (-; Z 2 ) but this is generally not sufficient as the 
example P = MP 5 shows: in this case, the non-trivial Stiefel- Whitney classes of P are w 2 
and W7 4 = w 2 . It follows that f a , with a: Z 2 — > W, bounds if Ba: BZ 2 —> BW induces in 
Z 2 ) for q = 1,3,5. 

Cohomogeneity 7 

The non-principal orbit must be singular and we must have P = X 3 , L = A r su(2)U(l) or 
P = CP 3 , L = 1/(1). The cohomology of X 3 is H*(X 3 ;Z 2 ) = Z 2 [x, n]/(x 3 , u 2 ) with degx = 1, 
degu = 4. The non trivial Stiefel- Whitney classes are w\ = x, w 2 = x 2 . It follows that 
the map f a , with a: iV SU ( 2 )U(l) — > W, bounds if and only if Ba: BL — > BW induces in 
/7 9 (-;Z 2 ), g = 4,5,6. 

In the second case, P = CP 3 , L = U(l), all Stiefel Whitney classes of P vanish and 
therefore the map f a , with a: U(l) — > W, bounds if and only if Ba: BL — > BW induces 
in H 6 (-;Z 2 ). 

Theorem 36 For k G N, let W = U(l) and c = 2k, or W = SU(2) and c = Ak - 1. 
Given compact Lie groups G D K so that W C NqK/K, there exist G-manifolds with 
cohomogeneity c with precisely one non-principal orbit. 

Proof: Because of (TT2l it suffices to construct a iy-manifold with a single non-principal 
orbit. In the case W = U(l), pick p e N, p > 1, and take the join 

M w = S 2k+1 = S 2 ^ 1 * S 1 

where U(l) acts freely on S' 2fc_1 C C fc via the standard representation, and via U(l) 3 z ^ z p 
on S 1 . 

In the case W = SU(2) put 

M w , = S Ak+2 = S 4 ^ 1 * S 2 

where SU(2) acts freely on S^ -1 c C 2fc = (C 2 ) fc via the standard representation and on 
S 2 = CP 1 with isotropy U(l). • 



13 



Example 37 For each c = 3 mod 4, and each n > 2, there is an SU(n) -manifold of coho- 
mogeneity c with precisely one singular orbit. 

Given that there are plentiful examples of manifolds with precisely one and two non- 
principal orbits, this suggests the question of which numbers of non-principal orbits are 
possible. 

Theorem 38 For each c = 3 mod 4, given compact Lie groups G D K with SU(2) C 
NqK/K, there is a G-manifold of cohomogeneity c with precisely m singular orbits, for each 
m G N. 

For each even c, given compact Lie groups G D K with U(l) C NqK/K, there is a 
G-manifold of cohomogeneity c with precisely m exceptional orbits, for each m G N. 

For each c = 1 mod 4, given compact Lie groups G D K with U(l) C NqK/K, there is 
a G-manifold of cohomogeneity c with precisely m singular orbits, for each even m G 2N. 

Proof: The first two statements follows from Theorem l36l by taking m copies of a suitable 
manifold with one non-principal orbit. Away from the non-principal orbits, these manifolds 
are locally G/i^-bundles. Performing fibre connected sums then gives the desired manifold. 
This operation can clearly be done in an equivariant manner. 

For the final statement statement, take m/2 copies of any G-manifold with space of orbits 
SCP C , as described in section 3. Now perform fibre connected sums as before. Note that 
although the CP even are not boundaries, any even number of disjoint copies bound. • 
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